A (k,g)-cage is a k-regular graph of girth g and with the least possible number of vertices. In this paper, we investigate the problem of how many connected components there will be after removing a cutset of up to k vertices from a (k, g)-cage.
about this structure. The study of the connectivity of cages has been suggested by several authors. In particular, in [4, 8] was proved that every (k, g)-cage with k ≥ 3 is 3-connected.
Furthermore, Fu, Huang, and Rodger [7] have proposed the following conjecture.
Conjecture 1 [7] Every (k, g)-cage is maximally connected.
There are many results available related to this conjecture, see [9, 10, 11, 12] , but currently the conjecture is still open.
As we know that connectivity is a very rough measure of the vulnerability, many refinements of the classical connectivity concept have been introduced, for example, the toughness, the restricted connectivity, etc. In this paper, we investigate the number of connected components obtained from a (k, g)-cage by removing the vertices of a vertex-cut S with cardinality |S| ≤ k. The results reveal new structural properties of (k, g)-cages.
New results
Jiang and Mubayi [8] proved the following theorem.
Theorem 3.1 [8] Let S be a vertex-cut of a (k, g)-cage with k ≥ 3 and g ≥ 5. Then, the diameter of G[S] is at least g/2 . Furthermore, the inequality is strict if d G[S] (u, v) is maximized for exactly one pair of vertices.
Let w(G−S) denote the number of components of G−S where S is any vertex-cut. Using Theorem 3.1 it was shown in [13] the following result for cubic cages.
Theorem 3.2 [13] Every cubic cage is quasi 4-connected, that is to say, any minimum vertex-cut of a cubic cage is the neighborhood of a vertex, say N (v), and w(G
Following the same line of reasoning, using Theorem 3.1 we immediately obtain the following corollary.
Proof. Suppose G has a vertex v such that G − N (v) has at least three components, one of them consisting of vertex v. Then S = {v} ∪ N (v) is a vertex-cut because G − S has at least two or more components. As its induced subgraph G[{v} ∪ N (v)] has diameter 2, from Theorem 3.1, it follows that 2 ≥ g/2 , which is a contradiction because g ≥ 6.
Next question concerns a nontrivial vertex-cut. Suppose G is an edge superconnected k-regular graph, and S is a nontrivial vertex-cut. The following theorem provides an upper bound for w(G − S).
Theorem 3.3 Let G be a k-regular edge superconnected graph. Then for any vertex-cut S the following statements hold: (i) If S is nontrivial then the number of components is w(G − S) ≤ k|S|/(k + 1).
(ii) If the girth g ≥ 5, |S| ≤ k and k ≥ 4 is even, then either w(G − S) ≤ k − 2 or G has vertex connectivity at most k − 2 except for k = 4 and S trivial, in which case
Proof. Let S be a nontrivial vertex-cut of G and let C i (i = 1, 2, . . . , w(G − S)) denote the components of the graph obtained when the vertices of S are removed from G. Let us also denote by [S, V (C i )] the set of edges joining a vertex in S with a vertex in C i . Since S is nontrivial then every C i has at least two vertices. Furthermore, since G is edge superconnected we have
Moreover, as the graph is k-regular, by (1) we have
Therefore w(G − S) ≤ k|S|/(k + 1), hence item (i) holds. To prove (ii) assume k ≥ 4 even and |S| ≤ k. First suppose that S is nontrivial, thus we may apply item (i) whence
this value in (2) and taking into account (1) it follows that there exists a component C such
Then
is adjacent to exactly one vertex of S, which means that each of these k + 1 vertices has degree k − 1 in C. In other words, each vertex of C has degree k except k + 1 (which is odd) vertices which have odd degree k −1, which is impossible. If
That is, C has k − 1 vertices of odd degree k − 1, which is again impossible.
we would obtain that there is an odd number of vertices in
, which is a contradiction. Then G has vertex connectivity at most k − 2 if S is a nontrivial vertex-cut. To finish the proof, assume S is trivial, which means that 
(1) and (4) we obtain again (3), so that the reasoning is the same as above to prove that the vertex connectivity is at most k − 2.
Combining results in [11] and [10] , we have concluded in [10] that:
Theorem 3.4 [10] All (k, g)-cages are edge superconnected, that is, all the minimal edgecuts are trivial.
Therefore, combining Theorems 3.3 and 3.4 and Corollary 3.1, we obtain the following result, whose proof is immediate and, therefore, is omitted.
Then for any vertex-cut S the following statements hold:
(
ii) If the girth g ≥ 5, S is nontrivial with |S| ≤ k and k ≥ 4 is even, then either w(G−S)
The toughness τ (G) of a non complete graph G is defined as
where the minimum is taken over all cut-sets S. Thus, Corollary 3.2 is a first step to find a lower bound for the toughness of a (k, g)-cage with k ≥ 3 and g ≥ 5. It remains to find a lower bound for |S|/w(G − S) for every trivial vertex-cut S with |S| ≥ k + 1.
Furthermore, in [12] it was proved the following result. In order to prove this result, we shall often use the following well known monotonicity theorem.
Theorem 3.6 [5, 7] If k ≥ 3 and
Moreover, we need the following lemma which has been proved in [1, 6, 14, 15] . 
We begin by proving a technical lemma. 
Then one of the following numbers is even
(i) k|S| − |S| j=1 |N A (s i )|, (ii) k|S| − |S| j=1 |N B (s i )|, (iii) k|S| − |S| j=1 |N C (s i )|.
Proof. Denote by G[S] the graph induced by S, and by E(G[S]) the set of edges in the induced graph G[S]. Clearly, the total degree sum of all the vertices in G[S] is 2|E(G[S])|.
Then we have
Multiplying this equality by three, we can write
Therefore, one of the three summands on the left hand side of this equality must be even.
Hence the result holds.
In the proof of the next result we use the following notation. By N 2 G (v) we mean the vertices w in the graph G which are at distance 2 from vertex v.
Theorem 3.7 Let G be a (k, g)-cage with g ≥ 11. Then either G is maximally connected or w(G − S) = 2, for every vertex-cut S of G of cardinality |S| < k.
Proof. Let S be a vertex-cut of G with |S| < k. Hence by the results proved in [7, 4] and Theorem 3.5 we know k ≥ 5. Assume that G − S contains more than 2 connected components, say A and B, and a further (not necessary connected) component C. Since |S| < k, by Lemma 3.1, it is clear that in A (respectively, B and C), there exists a vertex u (respectively, v and w), which has distance (g − 1)/2 (for g odd) or g/2 − 1 (for g even) to S.
Denote the neighbors of u by
We shall use the same notation for the neighbors of v and w. We also denote the vertices in 
We will construct a k-regular graph G * , with girth at least g, by removing the edges between vertices in S, if any, and joining the vertices of H, K and K by some new edges.
The order of the resulting graph will be
Sin k ≥ 5 we will have constructed a (k, g)-graph with fewer vertices than the number of vertices of the original graph G and, since G was assumed to be a (k, g)-cage, this is a contradiction, by Theorem 3.6.
Next, we describe the new edges connecting vertices of H, K and K . For easy presentation, we shall still make reference to the vertex u i or v i , even though they do not exist in these subgraphs.
A vertex s i in subgraph H will be arbitrarily matched with a vertex v i in K. We shall remove k − |A i | edges between v i and its neighbors other than v, and connect these neighbors of degree k − 1 to s i . It is clear that after these operation, vertex s i in subgraph H has degree k, and v i in K has degree |A i |, which are shown as the vertices on the bottom in the graph depicted in Figure 1 .
The vertex s i in K will be arbitrarily matched with a vertex v i in K and connected to
It is clear that after this operation, the vertices s i and v ij will have degree k. We shall make the same connections between
Now, let u fix the degrees of the vertices v i in K. The total current degree of these vertices
In other words, we still need to find k|S| − 
. This implies that the number of leftover vertices of degree k − 1 in subgraphs H and K is the same. Then we shall pair these vertices and connect them by an edge. The resulting graph G * is shown in Figure 1 . Since the edges v i v ij have been deleted from K, we have that the cycle has length at least 
Case 6: The cycle C goes through two new edges, one of which sits inbetween v i ∈ V (K) and v kij ∈ N (v ki ) ⊂ V (K ), and another of which sits inbetween v r ∈ V (K) and
In this case we have that v i vv r is a path of length 2 in K, while
Thus the cycle has length at least g.
Case 7: The cycle C goes through two new edges, one of which sits inbetween u kij ∈ V (H) and v kij ∈ V (K ), and another of which sits inbetween u ij ∈ V (H) and v ij ∈ V (K ). Thus the cycle has length at least 2(g − 5) + 2 > g.
Remark:
The purpose of the above theorem is to derive new revealing structural properties of (k, g)-cages, so that we are talking about a vertex-cut of cardinality at most k − 1, even though the conjecture suggests that such vertex-cut does not exist.
Conclusion
In this paper, we have shown that if the vertex-cut is of cardinality smaller than k or is the neighborhood of a vertex, then the graph obtained by removing this vertex-cut from a (k, g)-cage, contains exactly two components. We also have proved that if (k, g)-cages are not vertex superconnected, then the graph obtained by removing a nontrivial vertex-cut of cardinality k has at most k − 2 components if k is even. Therefore, we propose the following open problem.
Open Problem 1 How many components will there be if we remove a nontrivial vertex-cut of cardinality k from a (k, g)-cage if k is odd?
We also believe that (4, g)-cages are superconnected. We know that (4, g)-cages are 4- 
